The Ant and the Honey

Shorter Paths on Regular Prisms and on the Cylinder

Zlatko Sirotié¢

Abstract

An ant sits on one base of a regular n-prism and a drop of honey on the opposite base,
both on the bisector of their base and at equal distance from the rim. The “obvious” path —
across one base, up a lateral face, across the other base — has length D = h+b, independent
of where along the bisector the two points sit. We ask when a shorter path exists, how many
there are, how long they are, and at what angle the ant must set off.

The problem is solved completely for every n. A single pair of formulas gives the length
and the direction of every candidate path on every regular prism; the cylinder follows as the
limit n — oo. Along the way three phenomena appear that are easy to miss when prisms are
treated one at a time: some paths exist only when the ant is far enough from the rim, some
prisms admit no shorter path at all unless they are tall enough, and the number of shorter
paths behaves very differently depending on whether helical paths are allowed.

Three conjectures are stated in Section 10 and settled in the appendices. The first is
proved; the second turns out to be false except at one critical value; the third is confirmed,
together with an asymptotic growth law.

Contents

1 The problem 3
1.1 Origin . . . . oo o e 3
1.2 Setting and notation . . . . . . ... 3
1.3 The two points and the obviouspath . . . . .. .. ... ... 4
1.4 Method: unfolding and rolling . . . . . . . . . . ... Lo 4

2 The square prism: the original puzzle 5

3 The square prism in general 5
3.1 When does a shorter path exist at all? . . . ... ... ... ... ... .. .. 6
3.2 Two competing paths . . . . . . . . . .. o 6
3.3 How far from the rim can the ant be? . . . . . . ... ... ... L. 6

8
8
8

4 The triangular prism 8
4.1 Four classes . . . . . . . e e e 9
4.2 Whichis shortest . . . . . . . . . . ..o 9
4.3 Afifthclass . . . . . . . o 9
4.4 Angles . . . . 11
4.5 Summary for 2 <k <5 . .. e 11



5 The hexagonal prism
5.1 Fourclasses . . . . . . . .
5.2 Paths that do not exist forsmallp . . . . . ... .. ... 0oL
5.3 Angles . . . L
6 The pentagonal prism
6.1 Theeight classes . . . . . . . .
6.2 Angles . . ..
6.3 Thresholds and ranges . . . . . . . . . . L
6.4 Thegraph . . . . . . L
7 The cylinder
7.1 The limit of the general formula . . . . . . . .. ... ... o000
7.2  Where the symmetry comes from . . . .. . ... ... oL
7.3 A closed parametric form . . . . . ...
74 Thecasep=0 . . . . . . . . e
7.5 Numerical values . . . . . . .. .
8 One formula for every prism
8.1 Components . . . . . . . .. e
8.2 Angles . . . . L
8.3 Feasibility . . . . . . .
8.4 Thresholdsinp . . . . . . . . .. o
8.5 Oddandeven prisms . . . . . . . ..o
9 When is there no shorter path at all?
9.1 Oddoprisms . . . . ..
9.2 Even prisms . . . . . . ...
9.3 Thresholds in p: which prisms are affected . . . . . . . .. ... 000
10 Three conjectures
A Proof of H1
A.1 The criterion for p-independence . . . . . . . . . .. ... ..
A.2 The length of a p-independent path . . . . . . .. .. ... .. ... ..., ..
A3 Evenprisms . . . . . ...
A4 Odd prisms: existence . . . . . . ...
A5 Classification of all p-independent paths . . . . . . ... ... ... ... .....
A.6 Which classes are shorter than D . . . . . . ... ... .. ... ...
A7 Uniqueness . . . . . . . . e
A8 Themainresult . . . . . . .. . .
B H2: refuted, except at one point
B.1 The numerical picture . . . . . . . . ..o
B.2 Why it saturates . . . . . .. oo
B.3 Why k=1lisdifferent . . . . . . . . . . .
B.4 Conclusion . . . . . . . . .
C H3: confirmed, with a growth law
C.1 Structure . . . . . . . e e
C.2 How many are shorter than the obvious path . . . .. ... ... ... ... ...
C.3 Feasibility as bk — 00 . . . . . . . L
C4 Thegrowthlaw . . . . . . . . .

11
11
12
14

14
14
16
17
17

18
18
19
19
19
21

21
21
22
22
23
23

24
24
24
25

26

27
27
28
28
28
29
30
31
32

33
33
33
34
34



C.5 Measurements . . . . . . . . . e e 36
C.6 Conclusion . . . . . . . . . 36

1 The problem

1.1 Origin

In 1981 a friend, Korado Korlevi¢, posed the following puzzle. A rectangular box measures
4 x 4 x10. An ant sits on one 4 x 4 face, in the middle horizontally and 1 unit from the top edge;
a drop of honey sits on the opposite face, in the middle horizontally and 1 unit from the bottom
edge. The ant walks only on the surface. The obvious route — straight to the edge, along the
box, then straight to the honey — has length 4 4+ 10 = 14. Is there anything shorter?

There is, and it is found in a few hours with a sheet of paper. What took longer was the
question that came next: what if the boxr were a cylinder? That one resisted, and was only
settled in 2013. Returning afterwards to the prism, it became clear that the simpler problem
had more in it than the original puzzle suggested — several distinct shorter routes rather than
one, their number depending on the shape of the prism in a way that is not at all obvious, and
a sharp difference between prisms with an odd and an even number of sides.

This text collects what is now known. The prisms are treated in the order in which they
were originally studied — square, triangular, hexagonal, pentagonal — and then the cylinder.
Section 8 gives the general formula that covers all of them at once, and which in hindsight makes
the individual cases corollaries rather than separate computations.

1.2 Setting and notation

Throughout, the solid is a regular n-prism: two congruent regular n-gons joined by n rectangular
lateral faces.

Definition 1.1 (Parameters). For a regular n-gon of side s we write

s m s
r = —cot — (apothem, the inradius), R (circumradius),
n

2 T2 sin(7/n)

so that » = Rcos(m/n). The base height b is the length of the bisector of the base, that is, the
segment joining two opposite boundary points through the centre:

s
r+R= 3 cot Ql, n odd  (vertex to midpoint of the opposite side),
n
b=

2r = scot E, n even  (midpoint to midpoint of opposite sides).
n
The height of the prism is written h = kb, so that k is the height measured in units of the base
height. Finally g = 27 /n.

The distinction between odd and even n in Definition 1.1 is not a bookkeeping nuisance. It
turns out to be the single source of every difference between odd and even prisms in this problem,
and it is worth giving it a name.

Definition 1.2 (Asymmetry parameter). Put ¢ := b —r and

S s
R—r="=tan——
T 9 an2n

0, T even.

>0, n odd,
g=c—r=5b—2r=

For odd n the two ends of the bisector are of different kinds — one is a vertex, at distance R
from the centre, the other the midpoint of a side, at distance r — and ¢ measures that difference.
For even n both ends are midpoints of sides and ¢ vanishes. Theorem 8.6 and Theorem 8.7 will
show that everything hinges on this.



1.3 The two points and the obvious path

Definition 1.3 (The ant and the honey). Let p € [0, 1]. The ant sits at the point A of the lower
base which lies on the bisector of that base, at distance b(1 — p) from one end of the bisector;
equivalently, at distance bp from the other end. The honey sits at the point B of the upper base,
on the bisector of that base, at distance bp from the end of the bisector that lies vertically above
the end of the ant’s bisector nearest the honey.

In words: both points lie on the bisector, both at the same relative position, one measured
from the near rim and the other from the far rim, so that the configuration is symmetric under
turning the prism upside down. The value p = 0 puts the ant on the rim; p = % puts it at the
midpoint of the bisector.

Remark 1.4 (The obvious path). The obvious path runs from A along the bisector of the lower
base to the rim (length b(1 — p)), then vertically up a lateral face (length h), then along the
bisector of the upper base to B (length bp). Its total length is

D=b1-p)+h+bp=b+h=0bk+1),

which does not depend on p. Every question below is whether some path beats D.

1.4 Method: unfolding and rolling

All computations use the same device. Cut the lateral surface along one vertical edge and lay it
flat: it becomes a horizontal strip

H:{(m,y)ngngt}, Yb:b> th:b—i_hv

which may be extended indefinitely to the left and right, one copy of the strip per circuit of the
prism. The two bases are then attached to the strip along one side each. Since a path may leave
the lower base through any of its n sides and enter the upper base through any of its n sides, we
represent all possibilities by rolling the bases along the strip: D; denotes the lower base after ¢
rolling steps to the right, G; the upper base after j steps. A path from A to B that crosses the
lower base, the lateral surface and the upper base becomes, in this picture, a straight segment
from A; to Bj — provided it stays inside the region actually occupied by material.

That proviso is the whole difficulty, and Section 8 states it exactly. Two facts about rolling
will be used repeatedly and are recorded here.

Lemma 1.5 (Rolling). After i steps the contact side of D; occupies the interval [is, (i + 1)s]
on the line y = Yy, the centre of D; is at ((z + %)s, Yy — 1"); and the map carrying Do to D;
is a direct isometry whose rotation angle is i3. The corresponding statements hold for G, with
contact side [js,(j +1)s] ony =Y, centre ((j + %)8, Y; 4+ 1), and rotation angle —jp3.

Proof. Induction on ¢. Each step is a rotation through the exterior angle 8 about the right-hand
endpoint of the current contact side; it brings the next side down onto the adjacent interval of
length s, and the convex polygon stays in the half-plane y < Y},. The centre of a regular polygon
is at distance r from each side, and its foot of perpendicular on a side is that side’s midpoint,
which gives the stated position. A composition of i rotations through 3 is a direct isometry with
rotation angle ¢/. O

Throughout, a class of shorter paths means a set of paths of equal length. Paths come in
mirror pairs — the ant may set off to the left or to the right — and the two members of a pair
always have the same length, so a class normally contains two paths. When we say a prism “has
four shorter paths” we mean four classes.



2 The square prism: the original puzzle
Take n = 4 with side s = 4 and height A = 10. For n = 4 the base height equals the side,
b = scot(m/4) = s = 4, so the obvious path has length

D=h+b=10+4 = 14.

The ant is 1 unit from the top edge of its face, the honey 1 unit from the bottom edge of the
opposite face, both centred horizontally — that is, p = % in the notation of Definition 1.3. See
Figure 1.

I
I
I
| honey
1 I
| IJ
ant 2 B
4 ’,a”
//”,’ 10
4

Figure 1: The original puzzle: a 4 x 4 x 10 box. The obvious route has length 4 + 10 = 14.

Unfold. Lay the four lateral faces flat as a strip of width 4s = 16 and height 10, and attach
the two bases. Now roll: turn the upper square through 90° about the rim, so that it comes to
rest one panel further along the strip. The honey travels with it. The straight segment from the
ant to the rolled honey has horizontal extent s/2 4+ s/2 + s = ...; concretely, the two points are
separated by 13 vertically and 5 horizontally, so

d=+(10+3)24+52 =194 =13.9284 ... < 14 = V196.

So the obvious path is not optimal: the ant saves about 0.07 by setting off diagonally.

Two remarks are worth making at once, because both grow into general phenomena.

First, the shorter path is not unique. It is immaterial whether the ant turns left or right,
and immaterial whether the upper square is rolled clockwise or counter-clockwise; all four com-
binations give segments of the same length v/194. In the language of Section 1 this is one class
containing four paths — two mirror pairs.

Second, the computation above is not yet a proof that v/194 is the minimum. It shows only
that one particular unfolding beats the obvious path. A complete argument must enumerate
the unfoldings and, crucially, check that each candidate segment really lies on the surface of the
prism. That check is where most of the subtlety of the general problem turns out to live; it is
stated precisely in Section 8.

For this concrete case the answer is that v/194 is indeed the minimum, and it is not hard to
see that a shorter path cannot pass through a vertex of the prism.

3 The square prism in general

We now let s, h and p vary. Since b = s for n = 4, the obvious path has length
D=s+h=s(k+1), k=h/s.



3.1 When does a shorter path exist at all?

Start with the ant on the rim, p = 0. Write dy for the length of the best slanted path in that
position. It is obtained by rolling one square through 180° rather than 90°, which puts the two
points 2s apart horizontally and h apart vertically:

d% = h% + (25)* = h? + 45%.
This beats the obvious path exactly when d% < D? = h? +2sh + s2, that is when 4s% < 2sh + s°,
i.e.
h>32s, equivalently k>3 (1)
So the square prism must be at least one and a half times as tall as it is wide before any saving

is possible at all. This is a genuine restriction, and it is peculiar to small prisms: Section 9 shows
that the corresponding threshold decreases with n and that for odd n it disappears entirely.

3.2 Two competing paths

For0 <p< % there are two candidate classes, obtained by rolling through 90° and through 180°
respectively. In the index notation of Section 8 they are the pairs (i,j) = (2,1) and (2,0). Their
lengths are

dy=s\/k2 4k + 2kp + 2% — 2 + 3, 2)
dy = s\/k? + 4kp + 4p? + 4. (3)

Formula (2) comes from the horizontal and vertical components (5 +s(1—p)) and (sp+sk+3);
formula (3) from (§ + s+ $) and (sp + sk + sp).
Which of the two is shorter depends on p. Setting di = da gives

2
4
or, solved the other way, ke = w
1/2—p
the path di. With k = 3.5 one finds pe, = 0.2122...

. For p < peq the path da is the shorter, for p > peq

Remark 3.1. For 2 < k <5 these two are the only classes. For larger k further classes appear; at
k = 10, for instance, there is a third. Section 8 explains where they come from and Appendix C
shows that their number grows without bound as k — oo, provided helical paths are admitted.

3.3 How far from the rim can the ant be?

Each class beats the obvious path only for p below a threshold. Imposing di < D in (2) gives
2p? +2(k — 1)p+ 3 — k < 0 and hence

pma:clz%(\/kQ_ _k+1>7 (5)
while dy < D gives 2p? 4 2kp + % —k <0 and
pmax2:%<\/k2+2k—3—k). (6)

For k = 3.5: pmaz1 = 0.3507. .. and ppaz2 = 0.2655 ... Note that beyond peq the class do is no
longer the shortest, but it remains shorter than the obvious path up to pmaqz2-
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Figure 2: The square prism unfolded, b = s = 4, k = 3.5, p = 0.25: the lateral surface as a strip,
the two bases rolled into all their positions, and the two classes of shorter paths in colour.
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Figure 3: The two lengths on the square prism as functions of p, against the obvious path D = 18
(b=4, k =3.5).



3.4 The most efficient shape

It is natural to ask which k gives the largest relative saving, that is, minimises d/D. For the
branch dj,

di K+ k+2kp+2p? —2p+5/2

D k+1 ’
and differentiating with respect to k and clearing the numerator gives (2p—1)k+4p? —6p+4 = 0,
hence

M and similarly | —— 2])2_7]7—’—2
1/2—p P 1/2—p

Equating keq with kop1 gives the changeover

V11
popt:2_72034167

(7)

koptl =

below which k2 applies and above which kep does. (Equating ke, with Koy has no real
solution.)

3.5 At what angle should the ant set off?

Measuring from the horizontal in the ant’s own base — the convention is made precise in Section 8
— the two classes require

2k + 2 1 k+2
01 = arctan ;__Z;—, 0o = arctan —; P (8)
With k£ = 3.5, p = 0.25 these give 73.61° and 63.43°.
3.6 Summary for 2 <k <5
D=sk+1) k > 3/2 required for any shorter path
dy = s\/k2+k+2kp+2p2—2p+5/2 valid for p > pe,
do = s\/k? + 4kp + 4p2 + 4 valid for p < pe,

Peg= (VK +4k —2—k—1) changeover

ol

Pmaxl = %(VkQ - _k+1)

Pmazx2 = %(\/k’2+2k’—3—k‘)

kopt1 = (2p° — 3p+2)/(1/2 — p) for p > popt
kopt2 = (2p° —p+2)/(1/2 = p) for p < popt
Popt = 2 — \/ﬁ/2

01 = arctan %, 0y = arctan H%

Remark 3.2. One feature of the square prism is worth flagging now, because it is exceptional.
Both classes exist, as paths on the surface, for every p € [0, %] For most other prisms this fails:
certain paths simply do not lie on the surface when the ant is too near the rim, and only come
into existence above a threshold value of p. See Section 5 for the first example and Section 9 for
the general picture. Because the square prism was the starting point, this phenomenon is easy
to overlook.

4 The triangular prism

For n = 3 the base is an equilateral triangle and its bisector runs from a vertex to the midpoint
of the opposite side, so

sV/3

2

b=v=-"2" D=h+b=>bk+1).

(For odd n in general, b = 5 cot 5-.)



4.1 Four classes

At k = 3.5 and p = 0.25 the triangular prism admits four classes of shorter paths, with index
pairs (1,1), (1,2), (1,0) and (1, 3). Their lengths are

d =b\V/E2+k+3p2—3p+1, (9)
dy =bVk2 + K+ 1, (10)
d3 = b\/k2 + 3kp + 3p% — 3p + 3, (11)
ds = b\/k?+3kp+3p%+3p+ 3. (12)

Two features stand out.

Remark 4.1 (A path that does not care where the ant stands). The length d2 contains no p at
all. Whether the ant sits on the rim or at the middle of the bisector, this path has the same
length byv/k2 + k + 1. Tt is the first instance of what Section 10 calls a p-independent path, and
Appendix A shows that every odd prism has exactly one such path shorter than D, of length
by/k2 + 2k cos(m/n) + 1; for n = 3, 2 cos(n/3) = 1.

Remark 4.2 (No height threshold). Both d; and da are shorter than D for every k > 0 and every
p. Indeed

d3—-D*=b*(k*+k+1-(k+1)%) = -b’k <0.

The triangular prism therefore never needs to be tall before a saving appears — in sharp contrast
with the square prism, which requires k > 3/2. Section 9 explains the reason.

The other two classes do carry a threshold in k:

3p? —3p +2

d3 <D +<— k> _
3 2—3p 2—3p

with

Praas = £ (VORZ 46k =15 =3k +3), st = 5 (VO + 42k — 15— 3k — 3).

4.2 Which is shortest
The ordering of dy, ..., ds changes with p and k. The changeovers are

2
—3p7

Peq,1-3 = %(1 — %) (requires k > 2), equivalently Kkeq1-3 =
k—2
3k +6’

Peqza = & (VOR? + 30k — 15— 3k — 3).

If £ >2andp< %(1 — 2/k) then ds is shorter than di; otherwise d; is shorter. Comparing d;
with dy: they agree at p = 0 and d; < dy for all p > 0. Comparing ds with d4: they agree at
p=0and ds < dy for all p > 0.

—

Peq,i-4 = Peg23 = %( 9k2 — 6k — 15 — 3k + 3),

4.3 A fifth class

The list above is complete only for moderate p. A fifth class, with index pair (0,1), has length

ds = by/k2 + 3k(1 — p) + 3p2 — 3p+ 3, (13)



—_— Oy e d3 =y

Figure 4: The triangular prism unfolded, b = 4, k = 3.5, p = 0.25: the four classes of shorter
paths.
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Figure 5: Lengths on the triangular prism against p (b =4, k = 3.5). The curve dy is horizontal

because it does not depend on p; the fifth class ds of Section 4.3 descends and crosses D at
p = 0.453.
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and comparison with (11) shows the pleasant relation

ds(p) = d3(1 — p).

This path always lies on the surface, but it is shorter than the obvious path only for

k+1 VIk? + 6k — 15

=1- Pmax3,

D 2 Pmins = 9

6

which for & = 3.5 gives pmins = 0.45301 ... So for k = 3.5 the triangular prism has four classes
of shorter paths when p < 0.453 and, in the narrow band above that, a fifth. (At p = % the
classes (0,1) and (1,0) coincide in length, as they must by symmetry.)

4.4 Angles

With the convention of Section 8,
0 = arctan(? . %) -5
03 = arctan(@ : 2’;:21’) -

0y = %’r - arctan(?(%‘ + 1)),

_ 2 V3  6k+9p
04 = 3 arctan( 5 673 )

At k= 3.5, p = 0.25 these are 23.82°, 42.22°, 8.64° and 56.70° respectively.

4.5 Summary for 2 <k <5

D=0bk+1), b=s/3/2

dy =b\/E2+k+3p2—3p+1
do =bVk2+k+1

ds = b\/k2 +3kp+3p%> —3p+3
dy = b\/k2+3kp+3p*>+3p+3

ds = b\/k%+3k(1 —p) +3p2 —3p+3

no height threshold: di,do < D for all k > 0

independent of p
P < Pmaaz3

P < Pmaz4

D= - Pmaz3

Prmazs = (VK% + 6k — 15 — 3k + 3)
F(VOk? + 42k — 15 — 3k — 3)

Pmazd =

5 The hexagonal prism

For n = 6 the bisector joins the midpoints of two opposite sides, so with v = s1/3/2 the height
of one of the six equilateral triangles,

b:2v:3\/§:scot%, D=h+b=bk+1).

(For even n in general, b = scot(m/n).)

5.1
At k= 3.5, p=0.25 there are four classes, with index pairs (3,1), (3,0), (

Four classes

2,1) and (3,2):

dy = by/K2 + Sk + 3kp + 3p2 — 2p + 3, (14)
do = b\/k2 + 4kp + 4p® + 3, (15)
dy = by/K2 4k + 2kp + 4p? —ap+ 1, (16)
d4:b\/k2+%k+kp+p2—p+%. (17)

11



Each is shorter than the obvious path only above a threshold in k:

22_é _|_Q 22 1
d<D e k> 3P 0 4o p ey gL
1—2p 1—-2p

4 3p2—3p+1 22 —2p+ 1

ds<D o= k> 2P ZPHL oD e s X P
3 1-2p 1—-2p

with the corresponding upper limits in p

Dozt = & (VIR2 + 6k — 15 — 3k + 2), Prnazs = (VK2 + 2k —2 — k),
pmax?,:%(\/gkﬂi—l—?)k—kG)? pmaz4:é(\/9k27_1—3k’+3)

The changeover values are

Peq1-2 = §(V/9k? + 54k + 21 — 3k — 6), Peg13 = 5(—VE>+2k+5+k +2),
3k —2
Peg1-a = 1 (V42 + 4k — 7 — 2k + 1), Deq2-3 =

6k + 12’

Peg2-4 = (V9k? + 24k — 16 — 3k — 1), Peg3a =13 —% (k<32), else 3.

Remark 5.1. Unlike the triangular prism, the hexagonal one has no p-independent path shorter
than D. This is not an accident of the formulas: Theorem 8.6 shows that no even prism has one.
The reason is the asymmetry parameter € of Definition 1.2, which vanishes precisely when n is
even.

5.2 Paths that do not exist for small p

Here the hexagonal prism shows something the square and triangular ones do not. Two of the
four classes are not merely longer than D for small p — they do not exist at all. The straight
segment in the unfolded picture leaves the base through the wrong side, so it does not correspond
to any path on the surface of the prism.

Writing the exact feasibility criterion of Section 8 as a condition on p produces, for each class,
a quadratic inequality. Solving it gives:

k—2
ds =(2,1): > DPmin3 = )

VI9kZ 4+ 18k — 11 k
di =(3,1): D 2 Pminl = 5 —3

a threshold only for k& > 2, (18)

1
-3 only for k > 5. (19)

The classes dy and dy exist for every p.
For k = 3.5 these evaluate to

V649 — 25 3
—— =0.0396232. .. in3 = —
12 > Pmin3 50

the underlying quadratics being 6p? + 25p — 1 = 0 and 50p — 3 = 0 respectively.

Remark 5.2 (Why one is linear and the other is not). The leading coefficient of both feasibility
quadratics equals —sin((i + j)3) (Proposition 8.5). For d3 we have i +j =3 and 6 | 2- 3, so the
coefficient vanishes and the condition is linear, giving a rational threshold. For dy, i + j = 4 and
the condition is genuinely quadratic, so a square root appears.

= 0.06 exactly,

Pminl =

Remark 5.3 (What the threshold means). Geometrically the ant, when close to the rim, is far
from the centre of its base; the straight line towards the honey then exits the base through a
neighbouring side rather than the intended one. As p grows the ant moves towards the centre,
the line steepens relative to the base, and at p = pi, the exit point enters the correct side. The
same picture explains why the thresholds increase with k: a taller prism means a line that is
more slanted relative to the base.

12



—d]_ —d2 —d3 _d4

B]_ B5

A Aq

Figure 6: The hexagonal prism unfolded, b = 4, kK = 3.5, p = 0.25: the four classes of shorter
paths.
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Figure 7: Lengths on the hexagonal prism against p (b = 4, k = 3.5). The curves d; and d3
begin only at p = 0.0396 and p = 0.06; below those values the corresponding paths do not lie on
the surface at all (Section 5.2).

5.3 Angles

V3 (4k + 6p + 1)

01 = arctan Oy = arctan(é(k + 2p)>,

11 —6p ’

2k +2p +1 A+ 9
93=arctan\/§( ktp+l) T 6, — arctan Y34k T2 +3)

5—6p 3 7 —6p

At k= 3.5, p=0.25: 71.61°, 66.59°, 16.63°, 79.71°.

6 The pentagonal prism

For n = 5 the bisector joins a vertex to the midpoint of the opposite side, and

S s
b—§COtE—U+t, D—h+b—b(k+1),

where v and t are the height and the leg of one of the five triangles making up the pentagon.

The pentagonal prism is the richest of the small cases: at k = 3.5, p = 0.25 it admits eight
classes of shorter paths, twice as many as the triangular or hexagonal prism. All eight are given
below.

6.1 The eight classes

Ordered by length at k£ = 3.5, p = 0.25, the classes have the index pairs listed in Table 1. Each
has a mirror twin (5 — 4,5 — j) of the same length.
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—_—d; = d; =——d3 =—dy = ds5 = dg = d; = dg

B, B;
Bo BS

Figure 8: The pentagonal prism at b = 4, kK = 3.5, p = 0.25: all eight classes in the unfolded
picture, with the bases rolled into every position.
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class (i,j) mirror datb=4,k=3.5p=0.25 0
4 (2,1)  (3,4) 16.850887 40.053°
dy  (2,0) (3,5) 16.877805 33.500°
ds  (2,4)  (3,1) 17.172173 71.757°
di (2,2)  (3,3) 17.276111 50.008°
ds  (2,5) (3,0) 17.324519 78.144°
ds  (2,3) (3,2) 17.395686 61.768°
dr  (1,0) (4,5) 17.568277 ~30.329°
ds  (1,1) (4,4) 17.810068 —24.131°

Table 1: The eight classes on the pentagonal prism.

Writing dy = by/@Q¢, the eight length formulas are

Q1= K2+ Y51k 4 B kp+ 55852 515 4 (11— 4y/5), (20)
Oy = k2 + 5+2‘/5k:p+ 5+v/5,2 4 5f 5y + (25 — 10V5), (21)
Q3:k2+@k+\/5kp+5 ‘[2+15 25p + (11— 4v5), (22)
Q4:k2+1+2\/5k:+5“/52—5 fp+1 (23)
Qs = k2 + 358gp 4 5852 | 15-5V5, 4 (95 10./5), (24)
Qo = K2 + 155k 41, (25)
Qr =k + (VB — )k + 258kp + 5552 _ 535, 4 (4— \/5), (26)
Os = k2 + 3(\/5—1)]~€ 4 5+2\/5p2 _ 5+2\/5p+ (4 - V5). (27)

Note (25): the class dg carries no p. It is the p-independent path of Appendix A, and indeed
1+2\/5 = 2cos(m/5), so dg = b\/k? + 2k cos(m/5) + 1.

6.2 Angles

Write Az/b = Xo + X1p and Ay/b = k + Yy + Yip for the components of the segment in the
unfolded picture. Then, with g = 27/5,

Ay
arctan —— A %, te{1,2,4},
4 A
0; = % — arctan A—Z, t €{3,5,6},
A 3
arctan ]Ai\ — g, te{7,8},

the three cases corresponding to the sign of Az and the value of i; see Section 8. On p € [0, %]
the sign of Az never changes within a class, so each class uses one and the same case throughout.
The coefficients are given in Table 2.

Remark 6.1 (Negative angles). The classes d7 and dg have § < 0 at k = 3.5, p = 0.25. This is
not an artefact of choosing one mirror twin rather than the other: the twins give § and 180° — 6,
and both stay negative. A negative 6 simply means that the ant sets off on the other side of the
reference direction of its base compared with classes dy, ..., dg.
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class Xo X4 Yo Y,

; 10-3v5  V1I0-2v6+V10+2V6 5, &
L V5
10— 2v5 4 ! ?
10— 2
do —\/25 — 10v5 W 0 5+4\/5
P 10-3v5  V10-2v6-V10+26 5, VB
, V5
10 — 25 4 ! ?
V10 —2v/5 10 — 25 14
di  —— T ; 0
10 — 2¢/5
ds  +v/25—10v5 4\f 0
10 —2
d6 _|_O4\/g 0 1+4\/5 0
V10 — 25 10 + 2v/5 Sl 5-vE
A 4 2 1
10 +2v/5 10+ 2V/5 3(v5-1)
dy  —— e 2 0

Table 2: Components of the eight classes, Az/b = X+ Xip, Ay/b =k + Yy + Yip.

6.3 Thresholds and ranges

Two of the eight classes do not exist for small p, in the sense of Section 5.2:
d7 : p > 0.035106... (a threshold only for k& > 3), dg: p > 0.107422... (only for k > 2).
The binding condition is in both cases a quadratic Ap? + Bp + C = 0 with

d7: A=sinZ, B =09510565k — 0.5020285, C = 0.6024343 — 0.2008114 k,

dg: A=sing, B=0.9510565k —0.5877853, C = 0.4016228 — 0.2008114 F,

and the condition C' < 0 is exactly k > 3, respectively k > 2.
Combining feasibility with the requirement d < D, the intervals of p on which each class is
an actual shorter path are, at k = 3.5:

class from to class from to
dy 0 0.5 ds 0 0.33927
do 0.43488 | dg 0 0.5

0
ds 0 0.46441 | d7  0.03511 0.46594
dy 0 0.5 dg  0.10742 0.5

6.4 The graph

Figure 9 plots all eight lengths against p for b = 4, k = 3.5, together with the obvious path
D = 18. The curves for d7 and dg begin only at their thresholds.

Remark 6.2 (The numbering is local). The labels dy, . . ., ds order the classes by length at k = 3.5,
p = 0.25, and that ordering is not preserved elsewhere. The figure shows it directly: near p =0
the curves ds and d» lie below di. The same happens as k varies; at £k = 2 and small p the order
is do,ds, dy,ds, dy, dg,d7,dg. For anything beyond a fixed (k,p) it is therefore safer to name a
class by its index pair (i, 7), which is structural, and to quote the rank separately.
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20

— D=18 — ds

— d — ds

d> d;

1949 _ d5 —
—d, - p=025

Figure 9: The eight classes on the pentagonal prism, b = 4, k = 3.5. The horizontal line is the
obvious path D = 18; dg is horizontal because it does not depend on p. The curves dr and dg
start at p = 0.0351 and p = 0.1074 respectively.

7 The cylinder

The cylinder was the question that originally resisted. It is treated here as the limit n — oo
of the regular n-prism, which turns out to produce the governing equation without any new
geometry.

Let r be the radius, so that the base height is b = 2r; write h = 2kr and D = h+2r = 2r(k+1).
The ant is at distance 2rp from the rim, measured along a diameter, and likewise the honey.

7.1 The limit of the general formula
Setting b=1, w = % — p, and writing x = i, y = jB for the rolling angles of the two bases, the

general components of Section 8 become, as n — oo (so that 0 — 0 and p — %),

Az = % —w(sinz + siny), Ay = (k+1) —w(cosy — cosx). (28)

Proposition 7.1 (Feasibility becomes stationarity). In the limit n — oo the two feasibility
conditions of Section 8 coincide with the stationarity conditions for the length:

od? od?

O 1, 8y 2,

where
= Am(% + wcosx) + Aywsinz, = Aw(% — wcosy) + Ay wsiny.
This is as it should be. On a polygonal base the condition is discrete — the segment must

cross a particular side — whereas on a smooth surface it becomes the condition that the length
be stationary.
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7.2 Where the symmetry comes from

In the original treatment the relation z; = m — x between the two rolling angles was imposed as
an observation. It is in fact forced:

Proposition 7.2 (Two branches).

Fl—F2:2wcosx+ A:Ecosx_y—}—Aysin:r_y
Hence every critical point lies on one of
x—y Ax
A = B) t =——.
(4) sty=m, (B) tan A
Branch (A) is the symmetry ;1 = 7 — 2. On it, siny = sinx and cosy = —cosz, so with
q:=1—-2p=2w
A:E:g—m—qsincz:, Ay=(k+1)+qcosz,
and the two conditions collapse into one:
z—I)(cosz 4+ —=
kqsinx+<z—x>(1+qcosx):0, ie. k= ( 2)( ! 2p). (29)
2 sinx

Branch (B) also yields critical points, but in every case examined — k € {1.5,2,3.5,8},
p € {0.1,0.25,0.4} — none of them is shorter than the obvious path. This is why the cylinder
has only one shorter path: not because other critical points fail to exist, but because they are
all longer than D.

7.3 A closed parametric form

Equation (29) is transcendental in z, and there is no elementary expression for z in terms of
k. The original treatment therefore solved it numerically and fed the resulting x into a second
formula. That step can be avoided: k itself can be eliminated.

1
From (29), Ay = —Ax w, whence

gsinz

Theorem 7.3 (Parametric solution for the cylinder). With ¢ =1 — 2p and b = 2r, the shorter
path on the cylinder is given parametrically by

(2z — m)(1 + gcos ) 5 |m — 2z — 2¢sinz|\/ ¢ + 2qcosz + 1
=2r

k(z) = d 30
(z) 2gsinx ’ () 2q | sin x| o (B0)
and consequently
d( ) }77—2x—2qsin:n|\/q2+2qcosx+1
—(z) = :
D (22 — m)(1 + gcosx) + 2gsin x|

Everything is symbolic; only the parametrisation has changed from k to x. Choosing x gives
a pair (k,d) directly, and questions such as “which & minimises d/D” become one-dimensional
problems in x.

7.4 The case p=10

For p = 0 we have ¢ = 1, and the term carrying k in (29) contains sinz, so x = 7 solves the
equation for every k. Substituting gives Az = —7/2 and Ay = k, hence

do = 2r\/ = + k2 = /7% + 4k2. (31)
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Sae=”

- A'B’'=17.0555

Figure 10: The cylinder unfolded, b = 2r = 4, k = 3.5, p = 0.25. The solid circles are the bases
in their initial position, the dashed ones after rolling: the ant’s (lower) base through = = 2.76738
and the honey’s (upper) base through y = 7 — & = 0.37421 radians, their sum being m — the
symmetry of branch (A). The straight segment A’B’ has length 17.0555 against D = 18.
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This is the one value of p for which a closed form in k exists. The path is simply the one that
wraps exactly half-way around the cylinder: horizontal extent mr, vertical extent h.
From (31), dy < D = 2r(k + 1) requires

2 1
k>——-=0.73370...
8 2 '
and minimising do/D gives

w2 d
hopt = 7 =24674..., 5 =08436...

7.5 Numerical values

P kmin kopt d/D at kop
0 0.7337 2.467 0.8436
0.01 0.7482 2.497 0.8484
0.05 0.8019 2.623 0.8672
0.25 0.9541 3.564 0.9475
0.40 0.9932 5.652 0.9885

Here ki is the smallest £ for which a shorter path exists and k., the one giving the largest
relative saving. As p increases the saving shrinks: at p = 0.4 the best possible gain is barely one
per cent.

Ezample 7.4. For r = 2, k = 3.5, p = 0.25, solving (29) gives x = 2.76738, hence y = 7 — x =
0.37421, and d = 17.05550 against D = 18. In the convention of Section 8 the angle x belongs
to the ant’s base and y to the honey’s; the mirror-equivalent path, in which the roles of the two
angles are exchanged, arises from placing the ant at distance bp (rather than b(1 — p)) from the
unfolding rim and has the same length.

8 One formula for every prism

The four prisms treated above were computed one at a time. They need not be: a single pair of
formulas gives the length and the direction of every candidate path on every regular prism, and
the cylinder follows as the limit. This section states it.

8.1 Components

Theorem 8.1 (General components). Let n > 3, 8 = 27 /n, and put

cos(m/n
2tanl, n odd M, n odd
_5_ 2n _ T _ ) 14 cos(m/n)
T Ve ™ P=5 7)1
an ., n even 5 N even.

For the path obtained by rolling the lower base i steps and the upper base j steps, set u=1p— p,
v=p—14pand m=j—1i. Then, in units of b,

A A
Tx = mo + usin(jf) + vsin(if), Ty =k+2p+ucos(j8) — vcos(if), (32)
and d = \/Ax? + Ay2. Written oul,
d2
2= m?o? + (k +2p)* + u? + v* — 2uv cos((i + 5)B)

+ 2mo (usin(j8) + vsin(ifB)) + 2(k + 2p) (ucos(jB) — veos(iB)). (33)
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Proof. By Lemma 1.5 the centre of D; is at ((i + %)s, Yy, — r) and the map Dy — D; is a direct
isometry with rotation angle ¢8. Since Yj, = b and the centre of Dg is at height b —r = ¢, the
ant’s position relative to that centre is Ag(p) — Oa(0) = (0, bp — ¢), which is independent of the
rolling. Hence

A =0a@) + s (i, )+ B0 =050+ 035 1,0 ).

where pg is rotation by 6, so pg(0, ) = (—psiné, pcos ). Subtracting and dividing by b gives
(32); expanding the squares and using cos(if3) cos(jf) — sin(if) sin(j8) = cos((i + j)5) gives
(33). O

Formula (32) reproduces every formula in Sections 3—6. It was checked symbolically against
all eleven length formulas obtained by hand for n = 3,4,6 and against dg for n = 5, and
numerically against the constructed geometry on 4802 shorter paths for n = 3,...,15, with
largest discrepancy 4.3 - 107,

8.2 Angles

Definition 8.2 (Angle convention). The angle at which the ant sets off is measured in the frame
of its own base, that is, rotated back by i3:

0 =18 — a, a = atan2(Ay, Az).

Since Ay > 0 always, a € (0,7) and the atan2 resolves into

21 A

2 arctan —y, Az >0,

n Ax
A 27 —

0 = { arctan -~ —|—( ! n)7r’ Az <0, (34)

|Az| n

2ir ow

i Az =0.

n 2

The offset in the middle line, i — m = (2i — n)mw/n, accounts for every constant appearing
in the angle formulas of the earlier sections: —m/3 for n = 3 with i = 1, zero for n = 4 with
i =2and for n = 6 with i =3, —7/3 for n = 6 with i = 2, and —7/5 for n = 5 with ¢ = 2.
The formulas of the “constant minus arctan” shape are the case Az > 0, where the constant is
2im/n. All twelve hand-derived angle formulas were verified against (34) over the whole range
k € [2,6], p € [0,0.45], with maximum discrepancy 2.8 - 10714,

8.3 Feasibility

A straight segment in the unfolded picture is a path on the prism only if it stays inside the
material. The criterion is exact and requires no sampling.

Lemma 8.3 (Feasibility criterion). Let A € D;, B € Gj, and let the segment [A, B] meet the
linesy =Yy, and y =Y; at P = (xp,Y}) and Q = (zq,Y:). Then

[A,B]C D;,UITUG; <= zp¢€lis,(i+1)s] and zg € [js,(j +1)s].

Proof. D; is convex, lies in y < Y}, and meets the line y = Y}, exactly in its contact side
[is, (i+1)s] (Lemma 1.5). If zp lies in that interval then P € D;, and convexity gives [A, P] C D;;
similarly for [@, B] and Gj. The middle portion lies in the strip, every point of which is a surface
point, since the strip is the development of the lateral surface and may be extended indefinitely.
Conversely, if the segment lies in the union then P, having y-coordinate Y}, and being approached
from below, must lie in D;, hence in the contact side. O
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In closed form: with
a=p—vcos(if), y=ptucos(jf), Ay=k+a+7,

and fA =35 USin(iB)7 .@B - (m + %)O’ + USIH(]/B) (bOlh measured from 7:5)7 the Crilerion reads

Remark 8.4. Sampling the segment at finitely many points is not a reliable substitute. Near
the boundary of feasibility the violation is of order 10~° and is easily missed; and when p = 0
the ant sits exactly on the boundary of its base, where point-in-polygon routines are unreliable
and may reject a perfectly valid path. In a systematic comparison over 12525 configurations, a
sampling test disagreed with (35) in 639 cases: it wrongly rejected 565 valid paths (all at p = 0)
and wrongly accepted 74 invalid ones.

8.4 Thresholds in p
Proposition 8.5 (Feasibility as a quadratic in p). Write

Gp(p) = (% - vsin(iﬁ))Ay + a Az, Go(p) = <% + usin(jﬁ))Ay — v Az.
Then the path is feasible exactly when
Gp >0, oAy —Gp >0, Gg >0, oAy —Gg > 0,
each of which is a quadratic function of p with the same leading coefficient
p*] Gp = [p*] Gg = —sin((i + 5)B).
In particular the conditions degenerate to linear ones exactly when n | 2(i + 7).

Proof. Multiplying (35) by Ay > 0 gives the four stated inequalities. Each of u, v, Az, «, v, Ay
is affine in p, so each product is quadratic. For the leading coefficient, differentiate: dv/dp = 1,
da/dp = — cos(if3), dAy/dp = cos(j5) — cos(if) and dAx/dp = sin(if) + sin(j3), whence

[pZ]Gp = — sin(zﬂ)(cos(jﬁ) - cos(zﬂ)) — cos(iﬁ)(sin(jﬁ) + sin(iﬂ)) = — sin((i +j)ﬁ),
and the same computation for Gg. O
Thresholds pp,in, are therefore roots of ordinary quadratics, obtainable in closed form; the

hexagonal and pentagonal examples of Sections 5.2 and 6 are instances.

8.5 0Odd and even prisms

Two consequences of (32) deserve to be separated out, because they are the structural core of
the whole subject. Call a class p-independent if its length does not depend on p.

Theorem 8.6 (Even prisms). Let n be even. Then every p-independent class satisfies m =
j—1 €27 and

d=0b\/(mo)2+ (k+1)2 > D,

with equality if and only if i = j. No even prism has a p-independent path shorter than the
obvious one, for any k > 0, any p, and including helical paths.

Proof. For even n we have p = %, so u = v and, by Definition 1.2, e = 0. A short computation
from (32) (carried out in full in Appendix A) then gives Az = mob and Ay = D for every
p-independent pair, whence the claim. O
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Theorem 8.7 (Odd prisms). Let n > 3 be odd. Then for every k > 0 and every p € [0, %} the

pair (”T_l, "7“) gives a p-independent, geometrically feasible, non-helical path of length

d:b\/kz—i-chosZ—i-l < D.

The proof is Appendix A. The mechanism is the asymmetry ¢ = R — r of Definition 1.2: it
is the only term in (32) capable of reducing the vertical component below D, and it is positive
precisely for odd n.

Remark 8.8 (What is not general). Formula (32) gives exact values for every n. What it cannot
always give is a tidy closed form. Expressions in square roots, of the kind obtained for n =
3,4,5,6, exist only when the regular n-gon is constructible with ruler and compass, i.e. for

n=3,4,5,6,8,10,12, 15,16, 17, 20, 24, 30, 32, 34, 40, 48, 51, 60, 64, . . .

For n = 7, cos(n/7) is a root of an irreducible cubic with three real roots (casus irreducibilis)
and cannot be written using square roots alone. The formula still gives the exact value; the
coefficients simply remain in the form cos(w/7), sin(3w/14) and so on. The same applies to
n=9,11,13,14,18,19, ...

Ezample 8.9 (The heptagonal prism). At b = 4, k£ = 3.5, p = 0.25 the prism with n = 7
has thirteen classes of shorter paths. The class with index pair (3,4) is the only one whose

components do not involve p; by Theorem 8.7 its length is by/k2 + 2k cos(m/7) + 1, and indeed
2cos(m/7) = 1.801938...

9 When is there no shorter path at all?

The square prism requires k > 3/2 before any saving exists, even with the ant on the rim
(Section 3); the triangular prism requires nothing at all (Remark 4.2). This section settles the
question for every n.

9.1 0Odd prisms

By Theorem 8.7 the p-independent path of length b/k2 + 2k cos(m/n) + 1 is strictly shorter than
D for every k > 0 and every p. Odd prismns therefore never have a height threshold.

9.2 Even prisms

Here p-independent paths are never shorter (Theorem 8.6), so the threshold is set by some other
class. With the ant on the rim, p = 0, the best is the pair (i,5) = (n/2, 0), for which (32) gives

A:r:—ﬁbtanz, Ay = h.
2 n

Since b = scot(m/n) for even n, we have § btan(r/n) = % = g, half the perimeter of the base.
So this is the path that wraps exactly half-way around the lateral surface, from a rim point to

the diametrically opposite rim point, and

GRS

the direct analogue of the cylinder’s dy = /(77)2 + h? in (31).
The condition d < D = h + b becomes (§)2 < 2hb + b?, that is:
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Theorem 9.1 (Height threshold for even prisms). For even n a shorter path exists if and only

if
n?tan?(r/n) 1
k > k‘min(n) = f — 5
n kmin(n) exact shorter path at k =17
4 15 3/2 no
6 1.0 1 borderline: d = D
8 0.87258 yes
10 0.81966 yes
12 0.79234 yes
20 0.75428 yes
50 0.73696 yes

oo 0.73370 w%/8— % yes (the cylinder)

Since ntan(mw/n) decreases to m, the threshold decreases monotonically to the cylinder value
72 /8 — % found in Section 7. The condition kmin(n) < 1 is equivalent to

ntan & < 2v/3 = 3.4641. ..,
n

which fails for n = 4 (left side 4), holds with equality for n = 6 (left side 6tan 30° = 24/3), and
holds strictly from n = 8 on. So the square prism is the only prism admitting no shorter path at
k =1, and the hexagonal one sits exactly on the boundary. Allowing helical paths does not lower
any of these thresholds, as one would expect — a larger |m| means a larger |Az|. The “only if”
direction of Theorem 9.1 rests on the pair (n/2,0) at p = 0 being optimal; a direct search over
all pairs, all p € [0, %] and all |m/|, helical paths included, confirms that just below kpyin(n) no
feasible path is shorter than D for any p (checked for n = 4,6, 8).

9.3 Thresholds in p: which prisms are affected

Section 5.2 showed that on the hexagonal prism two of the four classes do not exist for small
p. The phenomenon is the rule rather than the exception. Counting pairs (i, 7) that are shorter
than D somewhere on p € [0, %], and among them those that are not feasible at p = 0:

k=2 k=35 k=8
n  total with threshold total with threshold total with threshold
3 8 0 10 0 10 0
4 6 0 6 0 6 0
5 18 2 18 6 22 14
6 12 0 12 6 16 14
7 28 14 30 22 34 26
8 20 14 20 14 26 24
10 30 24 30 28 38 36
12 42 36 42 40 50 48

Two regularities:

e The triangular and square prisms are the exceptions: no class that is shorter than D has
a feasibility threshold, for any k. (The triangular prism does have pairs with a threshold
— (0,3) from p = 0.25 at k = 3.5, for instance — but those paths are never shorter than
D, so they do not appear on a graph like Figure 9.)
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e From n = 5 on the phenomenon occurs for both parities, and the proportion of affected
classes grows with n and with k; at n = 12, k = 8 it is 48 out of 50.

The count includes classes that are shorter than D only in a band near p = % — the analogues
of ds on the triangular prism (Section 4.3). From n = 5 on, such a class places its point far from
the centre of the base at p = 0 and is infeasible there, so it contributes to the “with threshold”
column; on the triangular prism itself the analogous class (0, 1) is feasible for every p, which is
why the row n = 3 stays at zero. For the pentagonal prism — the smallest odd one affected —
the classes concerned at k = 3.5 are dy and dg, whose thresholds appear only for k > 3 and k > 2
respectively (Section 6), together with the pair (1,2) and its mirror (4, 3), a class of exactly this
latter kind; at k = 2 that pair is the only one.

10 Three conjectures

The sections above describe what happens for a given prism. Three questions remain about how
the answers behave as the prism changes. They were originally posed as conjectures; all three
are settled in the appendices, though not all of them in the way expected.

Throughout, “shorter path” means a class of paths of equal length, shorter than the obvious
path D.

H1: the p-independent path

H1. Every odd regular prism has at least one p-independent shorter path, that is,
a shorter path whose length does not depend on the distance of A and B from the
rim, while even prisms have none. The shortest such path has length

d= b\/k2—|—2kcos7r+1.
n

This is true, and Appendix A gives a complete proof. One point of formulation needs care:
even prisms do possess p-independent paths — infinitely many classes of them — but none is
shorter than the obvious path. The correct statement is Theorem 8.6 together with Theorem 8.7.

The appendix also settles uniqueness, which does not hold unconditionally: the path above
is the only shorter p-independent one while k& < k*(n), where k*(n) > 6 for every odd n, with
equality exactly at n = 3. Beyond that threshold further classes appear; for n = 5 a second one
at k > 22.47.

H2: many prisms, bounded height

H2. The number of shorter paths is unbounded as n grows while k stays bounded,
even if only n rollings of the two bases are allowed — that is, without helical paths.

This is false. Appendix B shows that for every fixed k£ # 1 the number of classes saturates:
it stops changing at around n ~ 100 and remains constant thereafter — 19 classes at k = 2, 11
at k =3.5,9 at k=5 (all at p=0.25).

There is exactly one exception, and it is sharp. At k& = 1, for every p, the number grows
without bound, roughly like \/n. The reason is a degeneracy: the two curves that describe
feagibility in the limit n — oo become tangent precisely when k = 1, and the determinant
measuring their transversality is —(k — 1)(2p — 1).
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H3: one prism, unbounded height

H3. The number of shorter paths is unbounded, for every n, as k grows without
bound — but only if an unlimited number of rollings of the two bases is allowed, that
is, if helical paths are admitted.

Both halves are true. Appendix C proves the first and quantifies it: the number of paths is
asymptotically C(n, p)\/% with an explicit constant, which agrees with measurement to within
0.4%. The second half is confirmed by the counts: restricted to 0 < 4,57 < n, the number
saturates and does not move between k = 103 and k = 10°.

A remark on the two

H2 and H3 turn on the same ratio: the width o of the contact side against the range that has
to be covered. In H2 the number of sides grows, o ~ 1/n shrinks, and the feasibility conditions
tighten from inequalities into equations — which is why H2 fails. In H3 the prism is fixed, o
stays put, the conditions remain inequalities, and it is the range of m that grows — which is
why H3 holds.

A Proof of H1

This appendix proves that every odd regular prism has a p-independent path strictly shorter
than the obvious one, that no even prism has, and settles the question of uniqueness. Notation
is that of Sections 1 and 8; in particular 8 =27/n,c=b—r,e=c—r=>b—2r,and D = h+b.
A.1 The criterion for p-independence

Definition A.1l. For i,j € Z put d;;(p) = ||Bj(p) — Ai(p)||. The pair (¢, ) is p-independent if

d;; is constant on [0, 3].

By the proof of Theorem 8.1, the rolling isometries do not depend on p while Ag(p) and By(p)
are affine in p; hence A; and Bj are affine in p with constant velocity vectors

/o~ [—bsin(iB) /oy (bsin(jf)
Ailp) = ( bcos(if3) ) ’ Bj(p) = (bcos(jﬁ)) ' (36)
Lemma A.2. (i,j) is p-independent if and only if Ai(p) = B (p).

Proof. Write v(p) = Bj(p) — Ai(p) = vo + pv1 with v; = B} — Aj constant. Then

l(P)II* = llwoll* +2p (vo - v1) + p[lu1 1%,

a quadratic in p. It is constant on an interval of positive length if and only if the coefficients of
p? and p vanish, i.e. if and only if ||v1|? = 0, that is v1 = 0. The converse is immediate. O

Lemma A.3. (i,7) is p-independent if and only if i + j =0 (mod n).

Proof. By Lemma A.2 and (36) the condition reads — sin(i3) = sin(jf) and cos(i3) = cos(jf),
ie. €8 =e 1 e (i+j)B € 2nZ. Since B = 2r/n thisis n | i+ j. O

Remark A.4. The condition includes ¢ + j = 0, that is the pair (0,0): the obvious path itself is
p-independent, of length exactly D. This trivial class must not be overlooked when counting.
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A.2 The length of a p-independent path

Theorem A.5. Let i +j = 0 (mod n), and put § = i, m = j —i. Then the vector v =
Bj(p) — Ai(p) is constant, with

Ax =ms —esinf, Ay =D — (1 — cosb), (37)

so that d;; = \/Az? + Ay?.

Proof. From n | i + j we get j8 = —if3, so sin(j5) = —sind and cos(j3) = cosf. Substituting
into the expressions of Theorem 8.1, written in absolute lengths,

Az =ms + (bp —r)sin(jB) + (bp — ¢)sinf = ms +sin§[(bp — ¢) — (bp — r)] = ms — esind,
Ay=h+2r+ (bp—r)cosf — (bp — ¢) cos = h + 2r + e cos 0.

Since b = 2r + ¢, we have h +2r = h+ b — e = D — ¢, which gives the second formula. The
parameter p has cancelled, which incidentally reproves the “if” direction of Lemma A.3. O

A.3 Even prisms

Theorem A.6 (Theorem 8.6, proved). Let n be even. Then every p-independent pair has m =

J — 1 even and
dij =\ (m5)2 + D2 > D,

with equality if and only if i = j. No even prism has a p-independent path shorter than D, for
any k > 0, any p, including helical paths.

Proof. For even n, Definition 1.2 gives € = 0, so (37) reduces to Az = ms, Ay = D, indepen-
dently of . Hence d?j = (ms)? + D? > D? with equality exactly when m = 0. For the parity: n
even and i + j = Mn force i + j even, hence m = (i + j) — 2i even. O

Theorem A.6 is both stronger and simpler than the assertion that even prisms have no p-
independent path. They have many; none is shorter. For instance the pair (2,2) on the square
prism is p-independent, feasible and non-helical, of length exactly D.

A.4 Odd prisms: existence
Throughout this subsection n > 3 is odd and
C= cosz, S :sinz7 Y= 1, T = tan g,
n n 2n
so that, from Definitions 1.1 and 1.2,
s=2br, e=br’, r=RC, b=R(1+C), RS=5%. (38)

Theorem A.7 (Theorem 8.7, proved). Let n > 3 be odd and i = %51, j =2 soi+j=n
and m = 1. Then for every k >0 and every p € [0, 3]:

(i) the pair is p-independent;

(i) the segment is geometrically feasible;

(i1i) its length is d = b\/k2 + 2k cos(m/n) + 1;

(iv) d < D strictly.
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Proof. (i) Lemma A.3, since ¢ + j = n.
(iii) Here § = i =71 — w/n, so sinf = S and cosf = —C, and (37) gives Az = s — &S and
Ay=D —¢(1+C). By (38),

€S =br? - 2sinpcos ¢ = 2brsin? p = ssin’ p = 5(1-0),

so Az =s—35(1—-C) =2(1+C) =br-2cos? ¢ = 2bsinpcosp = bS. Similarly e(1 + C) =
2bsin? ¢ = b(1 — C), s0 Ay = D — b(1 — C) = h+ bC. Hence

d? = b2S% 4+ (h +bC)? = b* + h® + 2hbC,

and substituting h = kb gives (iii).

(iv) From the same computation, d?> — D? = b? + h% + 2hbC — (h + b)? = 2hb(C — 1) < 0,
since h,b > 0 and C < 1 for n > 3.

(ii) We apply Lemma 8.3. Translate so that the contact side of D; is [0, s]; since j =i + 1,
that of G is [s,2s]. From the coordinates in the proof of Theorem 8.1, ys4 = ¢+ (bp — ¢) cos 6 =
R — (bp — R)C, so using r = RC and b = R(1 + C),

Yo —ya=b—R+ (bp— R)C =7+ (bp — R)C = RC + bpC — RC = bpC,
and likewise, using r(1+ C) = RC(1+ C) =bC,
yp—Yi=r—(bp—r)C =r(1+C)—bpC =bC(1 — p).
These sum to bC, consistent with Ay = h + bC. Put

L _ ¢
T h+bC k+C

€ (0,1),

so the segment reaches y = Y}, at parameter ¢; = pu and y = Y; at to with 1 —t9 = (1 — p)u. For
the horizontal coordinates, v4 = §—(bp—R)S = s—bpS using RS = 5, and xp = 3—23—(bp—1")5 =
35 4+ 2C — bpS using rS = RCS = £C. (Check: zp — x4 = 5(1+ C) = bS = Az.) Therefore

xp =24+ t1Ax=5—bpS(1l —u).

SinceOﬁpS%,0<1—u<1andbS:§(1+C)<S,Weget§<s—§S:Upgs,so

xzp € [0, s]. For the other end,
zg=axp— (1 —pluldz=s+bS[1—p—(1-p)ul,

soxg—s=0bS(1-p)(1-u)>0and2s—xg=5—-b5(1—p)(l-u)>s-0b5=35(1-C)>0.
Hence zg € (s,2s), and Lemma 8.3 applies. O]

Remark A.8. The proof of (ii) shows that no lower bound on k is needed: the path is feasible for
every k > 0, every p € [0, %] and every odd n > 3.

A.5 Classification of all p-independent paths
Lemma A.9. Letn be odd and n | i+ j. Then 0 = if3 is determined by m = j — i:

P (mod 27), m odd,
0 n
_mr (mod 27), m even.
n

Consequently d;; depends only on m. Moreover (i, ) and (i+n,j+n) give the same path on the
prism.
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Proof. From i+ j = Mn and j —i = m we get 20 = —m (mod n); as n is odd, 2 is invertible

modulo n with 271 = "TH, S0 1 = —m"TH and
211 1
po 2o _mrnt D) T ed 20),
n n n

which gives the two cases. The length depends only on 6 and m by (37), hence only on m. Finally
Aiyn = Aij+(ns,0) and Bj4, = Bj+(ns,0), and translation by (ns,0) is the deck transformation
of the development of the lateral surface, hence induces the identity on the prism. O

Remark A.10 (Winding). It follows that classes are indexed by m, not by M = (i+j)/n: passing
from (i,7) to (i + n,j + n) leaves m, and therefore Az and the winding number, unchanged.
Paths with |[m| > n wind at least once around the prism and may be self-intersecting on the
surface; neither affects the length nor Lemma 8.3.

Theorem A.11 (Length of class m). Let n be odd, m € Z, and write Sy, = sin(mey), Cp, =

cos(mep). Then dn, = \/Ax? + Ay? with
m odd : Ax = 2b7’(m — 7'5’mC'm)7 Ay = D — 2b72C2,,
m even: Ax = QbT(m + TSmCm), Ay =D — 2b7252,.
Classes m and —m have equal length.

Proof. Substitute 6 from Lemma A.9 into (37), using s = 2b7, € = b7, sin(mn/n) = 25,Cp,
1+ cos(mm/n) = 2C2, and 1 — cos(mn/n) = 252,. Replacing m by —m changes the sign of Ax
and leaves Ay unchanged. O

A.6 Which classes are shorter than D
Theorem A.12 (Threshold k*). Write Ay = D — w with w > 0 as in Theorem A.11. Then

dp <D <= w>0 and k> k*(m,n),

where S o
(m — 22’” m)” | 7202 — 1, m odd, Cy # 0,
k*(m,n) = " (39)

2
(m + TSSchm) + 7_2573I —1, m even, Sm 7’é 0.

Moreover w = 0 if and only if n | m, in which case Ax = ms, Ay = D and

dm =+/(ms)24+ D2 > D for every k > 0, (40)

with equality if and only if m = 0.

Proof. With 0 <w < D,
d?, < D? < Az? < D? - (D —w)? =w(2D —w) < Az’ +w? < 2Dw.

If w = 0 the right side is 0 and the inequality is impossible, so d,, > D.

For the characterisation of w = 0: for odd m, w = 2b72C2, vanishes iff cos(myp) = 0, i.e.
m =n (mod 2n) (an odd multiple of n); for even m, w = 2b72S2, vanishes iff sin(mgy) = 0, i.e.
2n | m. The union of these two sets is exactly the set of multiples of n. In that case mn/n is a
multiple of 7, so sinf = 0 and Ax = ms, while Ay = D — w = D; this gives (40).
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Ax? + w?

For w > 0, dividing by 2w gives D > , and since D = b(k + 1) this is & >

2w
A 2 2
;U2b7—|—w — 1. Substituting the expressions of Theorem A.11, for odd m,
w
Az? +w? 4B 2 (m — 78,Cn)? + 46274CE (m — 75,C)? 4202
= = T
2bw 4h272C2, C2, m

and analogously for even m. O

Corollary A.13 (The case m =1). k*(1,n) =0 for every odd n > 3.

Proof. With §1 = siny, C] = cos g, T = tan ¢ we have 75,C] = sin® p,801—751Ch = cos? P =
C%? and

22
E*(1,n)+1= (%2) +72C% = cos? p +sin® p = 1. O
i

Corollary A.13 is an independent proof of part (iv) of Theorem A.7.

A.7 Uniqueness

Theorem A.14 (Conditional uniqueness). Let n > 3 be odd and put k*(n) = min,, > k*(m,n).
For 0 < k < k*(n) the classes m = +1 give the only p-independent path strictly shorter than D;
for k > k*(n) at least one further class does. Moreover

kE*(m,n) > 6 for all m > 2,

with equality if and only if (n,m) = (3,2). In particular k*(n) > 6 for every odd n, so uniqueness
holds unconditionally for 0 < k < 6.

Proof. The first two statements follow from Theorem A.12, Corollary A.13 and Lemma A.9,
together with d,, = d_,, and dyg = D.

For the bound, let m > 2 and n t m (otherwise w = 0 and the class is never shorter, by (40)).
From

TSmCpn = §sin 2 = [18uCin| <5, 7=tang, <tanf = 2= < 0.5774,
we distinguish three cases.
(1) m odd, hence m > 3. Since C2, <1 and m — 75,Cp, > m — 5 >0,

K (m,n)+1 > (m—1)* > (3—0.2887)% > 7.35.
(2) m even, m > 4. Likewise, using S2, < 1,
K (m,n)+1 > (m—1)% > (4—0.2887)% > 13.7.

(8) m = 2. Here a crude estimate is insufficient and an exact computation is required. Put
s

u = cos —; for odd n > 3 we have u € [3,1), with u = § exactly for n = 3. With ¢ = 7/2n we
n

have Sy = sin 2y, Cy = cos2p = u, S5 = 1 —u?, and

: 1
752C = z:;zﬂsingocos @-cos 2p = 2sin? p-u = (1—u)u, 7282 = 1 +Z(l—u2) = (1—u)>.
Hence ( 22

2+u—u 9
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We claim this is > 7. Multiplying by 1 — u? > 0, the claim is equivalent to
24+u—u?)?+ (1 -u)?1—-u?) > 7(1-u?).

The left-hand side equals (u4 —2u? — 3u® 4 4u + 4) + (1 — 2u + 2u? — u4) = —3u’4+2u+5, so
the claim becomes

3wt 2u+5 > T-Tu? = 4P +2u—-2>0 <= 2u—1)(u+1)>0,

which holds exactly for u > %,

and only if n = 3.

with equality only at u = % Thus k*(2,n) > 6, with equality if

In all three cases k*(m,n) > 6, and equality occurs only in case (3) with n = 3, i.e. for
(n,m) = (3,2). Finally the minimum is attained, since k*(m,n) — oo as m — oo. O

Remark A.15 (Exact values). Formula (39) is directly computable:

n 3 5] 7 9 11 15 101
k*(n) 6 12.472 12.684 10.420 9.504 8.756 8.016

attainedat m=2 m=2 m=3 m=3 m=3 m=3 m=3

The value k*(3) = 6 is exact. The branch m = 2 increases with n; the branch m = 3 decreases,

with limit )
3 — 153C

lim £*(3,n) = lim B =75Ch)

202 — e — =
n—00 »—0 Cg T CS ! 91 8,

since 7 — 0 and C3 = cos 3p — 1.

Ezample A.16 (Uniqueness fails for large k). For n = 5 and m = 3 — for instance the pair
(7,7) = (1,4), which is not helical since i + j = n — formula (39) gives k*(3,5) = 22.4721 ... For
k > k*(3,5) that path is p-independent and strictly shorter than D; checking Lemma 8.3 shows
it is also geometrically feasible for k > 26.1335... At b= 1, k =31, p = 0.25,

di =31.81445...,  d3=31.98055..., D =32,

so there are two distinct, feasible, non-helical p-independent paths shorter than the obvious one.
An assertion of the form “there is exactly one such path” is therefore false without a restriction
on k; the correct statement is Theorem A.14. For n = 3 and m = 2 a second path appears
already at k& > 6.

A.8 The main result
Theorem A.17 (H1). Let n >3 and k > 0.

(a) If n is odd, the regular n-prism carries a p-independent, geometrically feasible, non-helical
path which for every p € |0, %] is strictly shorter than D = b(k + 1). Its length is

d:b\/k2+2kcosz+1,

realised by the index pair (”T_l "T‘H) and its marror.

9

(b) If n is even, no p-independent path — helical ones included — is shorter than the obvious

path; each has length \/(ms)? + D? > D.

(c) For 0 <k < k*(n), where k*(n) > 6, the path in (a) is the only p-independent path shorter
than the obvious one.
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Proof. (a) is Theorem A.7; (b) is Theorem A.6; (c) is Theorem A.14. O

Remark A.18 (Why odd prisms). Equation (37) shows that the only difference between the even
and the odd case is the parameter € = b — 2r. For even n the bisector joins the midpoints of two
opposite sides, both at distance r from the centre, so € = 0; then Ay = D for every p-independent
pair and shortening is impossible. For odd n the bisector joins a vertex (at distance R) to the
midpoint of the opposite side (at distance r), so e = R —r > 0; it is exactly this asymmetry
that removes (1 — cos #) from the vertical component and makes d < D possible. H1 is a direct

consequence of the fact that a regular n-gon has a vertex-to-side bisector precisely when n is
odd.

B H2: refuted, except at one point

H2 asserts that the number of shorter paths grows without bound as n increases while k stays
bounded, helical paths excluded. We show that for every fixed k # 1 the number of classes is
bounded — it saturates around n ~ 100 and does not move thereafter. H2 is therefore false.
The exception is the single value k = 1, and it is exceptional for every p: there the number grows
without bound, roughly like \/n.

B.1 The numerical picture

Number of classes of shorter paths, counted with the exact criterion of Lemma 8.3 over pairs
0<1¢,75<n,atp=0.25

n k=09 k=10 k=11 k=15 k=2 k=35 k=5

201 7 257 115 33 21 12 9
801 7 407 114 29 20 10 9
1601 7 289 112 30 19 11 10
3201 7 849 109 29 19 11 9

Every column is flat except k = 1, which keeps growing. (Classes are formed by grouping
lengths that agree to within a fixed tolerance; at these values of n many classes differ only in the
tenth decimal or beyond, so the individual entries — unlike the saturation itself — are mildly
sensitive to that tolerance.)

B.2 Why it saturates

Takeb:l,ﬁ:2w/n,x:i5,y:j5,w:%—p>0. Asn—>oowehavea—>0andp—>%,so
the components of Theorem 8.1 become

Ax—)Tx—w(sinx—i—siny), Ay — (k+1) —w(cosy — cos z).

The feasibility criterion requires the two crossing points to fall inside the contact sides, which
have width o = O(1/n). Both conditions therefore become equalities in the limit:

Ey: (y—2)(1—w(cosy —cosz)) + 2kw(sinz + siny) = 0, (41)
Ey: 3(siny —sinz) + wsin(z + y) = 0. (42)

Two equations in two unknowns have isolated solutions. The lattice (i3, j3) has spacing § =
27 /n while the tolerance is O(o) = O(1/n) — the same order — so each solution accommodates
O(1) lattice points. The total count is therefore bounded, independently of n.

The prediction can be checked directly: at n = 1601, k = 3.5, p = 0.25 all 22 feasible shorter
paths satisfy |E1], |E2| < 0.01 =~ 3, and they cluster around three isolated solutions.
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B.3 Why k=1 is different

The points (0,0) and (7, 7) always solve the system. The Jacobian there is

det J‘ =detJ
(0,0)

=—(k-1)(2p-1).
(m,7)
For k # 1 (and p # %) the intersection is transversal: an isolated point with O(1) lattice points
nearby. At k = 1 the determinant vanishes and the two curves F; = 0, F» = 0 become tangent.
The region where both conditions hold to within ¢ = O(1/n) is then not a patch of size € x ¢
but an arc of length ~ /¢ and width ~ ¢, containing

VE L va
p
lattice points.
The condition k = 1 does not involve p, which the measurements confirm: at p = 0.1, 0.25 and
0.4 the growth sets in at exactly k = 1. At kK =1, p = 0.25 the counts are 257,313,407, 589, 849
for n = 201, 401,801, 1601, 3201, with local exponent rising towards 0.53 — consistent with \/n.
Values near but not equal to 1 do saturate, though slowly: at p = 0.4, £ = 1.05 the count
rises to 2034 at n = 1601 and then falls to 1896 at n = 3201; at k = 1.2 it decreases steadily,
574 — 560 — 521 — 502.

B.4 Conclusion

e H2 is false as stated: for a typical fixed k the number of non-helical shorter paths does
not grow without bound but saturates at a constant — 19 for k£ = 2, 11 for k = 3.5, 9 for
k=5 (at p=0.25).

e It holds exactly at k = 1, for every p € [0, 3), where the number grows roughly like /n.
e A correct statement would be: the number of non-helical shorter paths is bounded for every

k#1; at k=1 it grows without bound.

Caveat. Degeneracy has been established analytically only at (0,0) and (7, 7). It is not ex-
cluded that some other solution of the system becomes tangential at some other k, which would
give a further exceptional value. A search over k € [0.8,8] and p € {0.1,0.25,0.4} found none:
everywhere except k = 1 the count saturates.

C H3: confirmed, with a growth law

H3 asserts that for fixed n the number of shorter paths grows without bound as k& — oo, but
only if helical paths are allowed. Both halves are true. In addition the growth turns out to be
C(n, p)Vk with an explicit constant.
C.1 Structure
Withb=1,u=p—p,v=p—1+pand m =7 — i, Theorem 8.1 gives
Azx =mo + X, Ay=k+Y,
X = usin(cpf) + vsin(ap), Y = 2p+ ucos(cf) — vcos(af),

where a = i mod n and ¢ = j mod n. The essential point is that X and Y depend only on the
residues a, ¢, while m enters only linearly, in Az. Helical paths are precisely those with large
|m|, and for them X and Y are unchanged.
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C.2 How many are shorter than the obvious path

Fromd< D =k+1,
(mo+X)? <(1-Y)2k+1+Y),

so Y < 1 is necessary. Given that, the admissible m form an interval of length

21 -Y)2k+1+Y) _ 2\/2k(1-Y)

~

g g

)

which grows like v/k. This is exactly where the restriction on helical paths matters: if |m| < n
the interval is truncated and nothing grows.

The condition Y < 1 simplifies unexpectedly. Writing A = 1 — cos(af) and C' = 1 — cos(cf),
a direct computation gives Y — 1= (p—p)C — (1 —p—p) A, so

(p—p)(1 —cos(cB)) < (1 —p—p)(1—cos(aB)). (43)

For even n, p = 3 and this reduces to cos(cf) > cos(af). For a = 0 the right-hand side vanishes,
so such a path is never shorter — that is the family of obvious paths.

C.3 Feasibility as £k — o

The exact criterion gives

— 7 s @ —mo=2 ' -
TP =5 vsin(aB) + AyAm’ TQ —mo =5 + usin(cp) AyA:c.

Since Az = O(VE) while Ay = O(k), the correction terms are O(1/vk) and vanish. In the
limit, feasibility becomes a condition on the residues alone:

0< % —wvsin(af) < o, 0< % + usin(cf) < o. (44)

This is the decisive contrast with Appendix B. There n grows, o ~ 1/n shrinks, and the
conditions tighten into equations. Here n is fixed, o does not shrink, and the conditions remain
inequalities.

C.4 The growth law

For an admissible pair (a,c) only every nth value of m has the required residue, since m = c¢—a
(mod n). Hence

Theorem C.1. For fized n and p, the number of shorter paths with helical paths admitted satisfies
2
#{paths} ~ C(n.p)Vk,  Clnp)=-— > 2(1-Y(a0)),
(a,c) admissible

the sum being over residue pairs satisfying (43) and (44). The number of classes is half of this.

C (theory) Catk=10* Catk=25-10* deviation

n
3 3.6004 3.5800 3.5956 0.13%
4 1.9142 1.9000 1.9141 0.01%
5 6.7806 6.7800 6.7798 0.01%
6 9.3630 5.3600 9.3845 0.36 %
7 7.5867 7.5400 7.6116 0.33%
8 9.7880 2.7800 9.7869 0.02%
9 5.3210 5.2800 5.3308 0.18%
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C.5 Measurements

Number of classes, helical paths admitted, p = 0.25:

k n=3 n=4 n=5 n=6 n=7

b} 4 2 9 4 12
20 9 3 13 7 12
100 18 7 35 17 32

500 40 14 76 38 82
2000 80 27 151 75 170
10000 179 60 339 169 377

The same, without helical paths (0 < i,j < n):

k n=3 n=4 n=5 n=6 n=7

10 4 2 8 5 11

100 4 3 10 7 10
1000 4 3 10 7 12
10000 4 3 10 7 12
100000 4 3 10 7 12

C.6 Conclusion

e H3 is true. With helical paths admitted the number of shorter paths grows without
bound, for every n > 3.

e The growth is asymptotically C(n, p)v/k, with the constant of Theorem C.1.

e The restriction to helical paths is essential, and for a clear reason: the saving comes from
an interval of admissible m whose length grows like vk. Bound |m| by n and the count
saturates, as the second table shows.
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